Abstract. The Euler's totient function ϕ(n) counts the positive integers up to a given integer n that are relatively prime to n. We solve a problem due to Lehmer that there is no composite number n such that ϕ(n) | n − 1. We also note that there are infinitely many primes that are not Sophie Germain primes.
Introduction
The Euler's totient function ϕ(n) is a kind of arithmetic function in number theory, it counts the positive integers up to a given integer n that are relatively prime to n. It is well known that Euler's totient function ϕ(n) is multiplicative, i.e., for two relatively prime positive integer numbers m and n, ϕ(mn) = ϕ(m)ϕ(n). For a prime p, it is clear ϕ(p) = p − 1, for a general positive integer n, ϕ(n) = n p|n (1 − 1 p ). Observing the fact that ϕ(p) = p − 1 for a prime, Lehmer [1] asked if there are any composite numbers n such that ϕ(n) | n − 1. Later Lehmer himself proved that if any such n exists, it must be odd, squarefree and divisible by at least 7 primes. After Lehmer, some improvements had been made, in 1980 Cohen and Hagis [2] proved that if any such n exists, then n is divisible by at least 14 primes and n > 10 20 . Further, Hagis [3] showed that if 3 divides n, then n > 10 1937042 and n is divisible by at least 298848 primes. Despite the progress, the whole problem remains unsolved.
In the present paper, we shall prove that there is no composite number n such that ϕ(n) | n − 1. The method here is elementary.
Recall that a prime number p is a Sophie Germain prime if 2p + 1 is also prime, by the feature of Euler's totient function and a result of Mendelsohn [4] we deduce that there are infinitely many primes that are not Sophie Germain primes.
Main results
First we collect two lemmas as follows.
Lemma 2.1. The Euler's totient function ϕ(n) is multiplicative. Lemma 2.2 (Lehmer, [1] ). Any composite number n satisfying ϕ(n) | n − 1 must be odd, squarefree and divisible by at least 7 primes. Now we can prove our result. Theorem 2.3. There is no composite number n such that ϕ(n) | n − 1. Proof. We use induction on the number of distinct prime divisors of n. Let ω(n) denotes the number of distinct prime divisors of n. By Lemma 2.2, ω(n) ≥ 7, now suppose there is no composite number n with ω(n) = k, k ≥ 8 such that ϕ(n) | n − 1. We need to show there is no composite number n with ω(n) = k + 1 such that ϕ(n) | n − 1. Lemma 2.2 says that n is squarefree, by induction hypothesis,
for arbitrary k odd primes. Now suppose there is a composite number n with ω(n) = k + 1 such that
Notice the arbitrariness of the prime factors in the induction hypothesis 2.1, so
contradicts the induction hypothesis 2.1. Thus we conclude there is no composite number n with ω(n) = k + 1 such that ϕ(n) | n − 1. This completes the proof. 
An application of Euler's totient function
For the value of the Euler's totient function, Mendelsohn [4] showed in 1976 the following result.
Lemma 3.1 (Mendelsohn, [4] ). There are infinitely many prime p such that for every integer k ≥ 1, 2 k p is not a value of the Euler's totient function.
From the lemma above, we have Theorem 3.2. There are infinitely many prime p such that for every integer k ≥ 1, 2 k p + 1 is not prime.
Proof. Since if 2 k p + 1 is prime, then ϕ(2 k p + 1) = 2 k p. The theorem then follows by Lemma 3.1.
In particular, set k = 1, one has Corollary 3.3. There are infinitely many primes that are not Sophie Germain primes.
